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AN AERODYNAMIC ANALYSIS OF THE AUTOGIRO ROTOR WITH A COMPARISON
BETWEEN CALCULATED AND EXPERIMENTAL RESULTS

By Jorn B. WERATLEY

SUMMARY

An extension of the autogiro theory of Glavert and Lock
1s here presented in which the influence of a pitch varying
with the blade radius is evaluated and methods of approxi-
mating the effect of blade tip losses and the influence of
reversed velocities on the retreating blades are developed.
The resulting equations have been applied to determine the
characteristics of a PCA-2 aulogiro rotor. A comparison
of caleulated and experimental results showed that most of
the rotor characteristics could be caleulated with reasonable
accuracy, and that the type of induced flow assumed has a
secondary effect upon the net rotor forces, although the

Slapping motion 18 influenced appreciably. An approxi-
mate evaluation of the effect of parasite drag on the rotor
blades established the importance on including this factor

i the analysis.
INTRODUCTION

The aerodynamic analysis of the autogiro rotor has
been the subject of several studies, the most note-
worthy being presented by Glauert and Lock in
references 1 and 2. The validity of the analyses made
has not at the present time been established, however,
g0 their application to the problems of design has been
impossible. The purpose of this investigation i3 to
extend the analysis of Lock to include the influence of a
linear variation of blade pitch with radius and to
determine the influence of several factors neglected
by him. The resultant analysis is then applied to a
comparison of calculated and experimental character-
istics, the experimental data being obtained from refer-
ences 3 and 4.

Lock’s analysis is not applicable to a rotor employing
twisted blades, so the extension of his treatment will
materially increase its usefulness. The majority of
rotors now in service have & pitch varying with the
radius, as had the PCA-2 rotor which has been tested
(references 3 and 4) and used herein to determine the
validity of the modified anelysis. The comparison
of calculated and experimental results will afford a
measure of the quantitative validity of the analysis,
and assist the designer in obtaining the optimum rotor
for a given purpose. The establishment of definite
relationships between the rotor design parameters and
its characteristics will greatly facilitate research
directed toward the improvement of autogiro per-
formance and the analysis of the results of isolated
tests.

The investigation presented in this report was con-
ducted by the National Advisory Committee for
Aeronauties at Langley Field, Va., during 1933.

ANALYSIS

1. General.—The method used in this analysis is
in most respects identical with Lock’s treatment
(reference 2), but the development will in the interests
of clarity be repeated. The changes that are to be
made in his analysis in an attempt to refine it may be
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Fi1auRE 1.—Diagram of autogiro rotor.

summarized as follows: The limitation of the analysis
to blades of constant pitch is removed so that any
linear pitch variation may be introduced; an approxi-
mate method of evaluating the influence of the reversed
flow over the retreating blade is developed; & method
of alléwing approximately for tip losses in calculating
thrust is introduced; and a method of calculating the
drag coefficient at 90° angle of attack is given. In
respect to the lagt item, it is subsequently suggested
that the calculation of rotor characteristics be done by
two separate methods, one for low incidence and one
for high incidence.

2. Mechanics of the rotor.—The autogiro rotor is
a windmill operating at large angles of yaw. In order
to eliminate rolling moments in forward flight, the
individuel blades are hinged near the axis of rotation
80 as to permit them to oscillate without mechanical
constraint in planes containing the axis of rotation.
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A diagram of such a rotor is shown in figure 1, where,
in addition to the flapping hinges, hinges are shown
whose function is the relief of stresses set up by bending
in the plane of rotation. Insofar as the aerodynamic
effect is concerned, the motion of the blades about
these auxiliary hinges may be neglected; experimental
values of this motion show the maximum amplitude
of the oscillation about the hinge to be less than 1°.
3. Coeflicients.—The thrust 7' of the rotor is ex-
pressed as a nondimensional coefficient Cr based on
the swept-disk area and the rotational speed of the

rotor; then
T

Cr= R
R is the rotor radius
Q is the rotor angular velocity
The lift and drag coefficients of the rotor are based
on the forward speed V rather than the tip speed;
then in conventional form,

3-1)

where

C= 12 (3-2)
2pV"1rR2
and
D,
GD,= %pvzﬂ_Rz (3—3)
where L, is the rotor lift

D, is the rotor drag

Cr, is the rotor lift coefficient

C»p, is the rotor drag coefficient
By the use of a nondimensional ratio between the com-
ponent of forward speed in the plane of the rotor disk
and the tip speed, coefficients based on one speed may

be expressed in terms of the other. The ratio is
called g, and is expressed as
_Vcosa (3-4)

where «, the angle of attack of the rotor, is the acute
angle between the direction of flow of the undisturbed
air and the plane perpendicular to the rotor axis.

The thrust coefficient may be transformed into the
lift coefficient by making the assumption, which
experience has shown to be valid, that the rotor force
perpendicular to the thrust contributes a neghg1b1e

amount to thelift. Then
L,=Tcos « (3-5)
and
()
0;,.=HOT cos’a (3-6)

)
4, Interference flow.—In the vicinity of the rotor,
the rotor forces generate local induced velocities which
alter the undisturbed flow. The resultant rotor force
differs negligibly in direction and magnitude from the
thrust, so the component of induced velocity parallel
to the rotor axis will be calculated from the thrust,
and the remaining components neglected.
. The complexity of the flow in the neighborhood of
the rotor makes it impossible to solve rigorously for
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the magnitude and distribution of the induced velocity
in the rotor disk. By physical reasoning, however,
it may be inferred that the trailing vortices behind tho
rotor are similar in effect to the vortices behind an
airfoil, and it will be assumed that the induced velocity
at the rotor disk is constant in magnitude and may be
obtained by analogy with airfoil theory. Then a
rotor of span 2R and total thrust 7', distributed
elliptically along the span, generates a constant
induced velocity expressed by the equation

T
v_?m'Rip v’

where v is the induced velocity
and V7 is the resultant air velocity at the rotor
The influence of an arbitrary deviation from the
assumed type of flow will be determined and discussed
subsequently.

The resultant velocity at the rotor is the vector sum
of the translational and induced velocities. Then

V2= (V sin a—v)*+ V7 cos? a 4-2)

The axial flow is conveniently expressed as AQE, and
the flow in the plane of the rotor disk as uQR; then

4-1)

AR =V sin a—v (4-3)
uQR=V cos a (4-4)

The resultant velocity can now be written
V' =0R(A+ pd)t (4-5)

Substituting for T and V’ from (3-1) and (4-5),
equation (4—1) becomes

ZCr9R

v = N+ D)}

5., Angle of attack.—Equation (4-3) can be altered

to express the angle of attack « as & function of the
remaining variables. Substituting for v from (4-6),

5 C’TQR

(4-6)

)\QR =T gin a— m (6-1)
Dividing by (4-4) and transposing,
A %0"

6. Blade motion.—The flapping motion of theblades
is repeated identically with each revolution and is
therefore expressed as a Fourier series in which the
independent variable is ¥, the azimuth angle of the
blade from its downwind position. The Fourier series
expresses the acute angle § between the blade span
axis and the plane perpendicular to the rotor axis (the
rotor disk) as a function of ¢, the form being

B=a,—a; cos Y—b; sin. Y —ay cos 2¢
—b;sin 2¢—a; cos 3Yy—bsin 3y—. . . . . . (6-1)

All harmonics above the second have been found experi-
mentally to be negligible, so for use in this analysis
the series will be terminated after the b; term.
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The dynamic equation of blade flapping is

2 BR
18 [ 8B g

—mezr"cosBsder
[]

—fgmrcosﬂdr
0

where I, is the moment of inertia of one blade about
the flapping hinge
%1—11 is the thrust on an element dr of one blade

(6-2)

m is the line density of a blade ]
BR is the radius less an allowance for tip losses

In the application of equation (6-2) it will be assumed
that 8 is small, so that cos 8 is unity, and sin 8 is iden-
tical with 8. Experience has indicated that g has a
maximum value of less than 15°, so the assumption
is considered justified.

Referring to (6—2), it will be noted that
R
f mr? dr=1I;; then (6-2) reduces to

1,(Gh+928) = Me— My (6-3)

where My is the thrust moment of one blade about the
flapping hinge

M,y is the moment of the blade weight about the
flapping hinge

7. Velocity components at blade element.—The

three orthogonal velocity components at the blade ele-

o

Velocities at blade
in plane of disk

Velocities at blade
in plane containing
rotor axis ond blade

\[{MIH - QIRA cos 3!/ KAIIR

FI1aoRE 2,—Velocity components at blade element of autogiro rotor blade.

ment dr are designated Uy, Uy, and Us. The com-
ponent Uy is parallel to the rotor disk and perpendicu-
lar to the blade span axis; Uy is parallel to the blade
span axis and perpendicular to Uyr; and Up is perpen-
dicular to the span axis and to Ur. Referring to figure
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2, the following expressions may be written for the
velocities:

Ur=0r+ uQR sin (7-1)
Up=2aR—r SE— LR cos v (7-2)
Urp=puQR cos v+ NQEB (7-3)

Differentiating the expression for g in (6-1), and sub-

dﬁ

stituting for 8 and —= in (7-2),

Up=>\QR+§pSZRal+<—yQRao+Qrbl +%ynR%)cos¢
+(—Qra1+%pQRbg>singb
+<% yﬂRal+29rbz> cos 21,[/+(‘;‘#QRb1—2QTag sin 2 ¢

+%uQRaq cos 3lll+%pQRbg sin 3¢ (7—4)

8. Thrust—In the calculation of the forces acting
on the blade element it will be assumed that the re-
sultant force lies in a plane perpendicular to the blade
span axis and depends only upon the velocities in that
plane. This assumption is equivalent to neglecting
the influence of the radial velocity Uy on the blade
forces. It will be further assumed that the drag of the
blade element confributes a negligible amount to the
rotor thrust.

The resultant velocity U of Uy and Up makes an
acute angle ¢ with the velocity Uyr; then

UT’= U cos 74 (8—1)

Up=Usin ¢ (8-2)

Over the greater part of the rotor blades, and especially

where U is large, the angle ¢ is small. For this reason,

it will be assumed that the sine of ¢ is equal to ¢ and

that the cosine of ¢ is unity. HEquations (8-1) and
(8-2) then reduce to

UT=' U (8—3)

Up=oU (84)

In order to set up the integral for the evaluation of
the thrust it must be remembered that the blade
velocity is reversed over the elements from a radius of
0 to —uR gin . This condition does not indicate a
negative contribution to the thrust, but requires a
special integral for its evaluation. In the derivation
of the total thrust, an approximate allowance will be
made for tip losses by integrating to a fraction of the
radius. It is arbitrarily suggested that this fraction
be chosen so that a tip length equal to one-half the
tip chord is assumed to develop no thrust.

The lift coefficient Cy of the blade element is as-
sumed to be proportional to the angle of attack, an
agsumption that is valid for lift coefficients less than the
maximum. Then .

01:, (8_5)
where a is the lift-curve slope with angle of attack
in radian measure
a; is the blade-element angle of attack in radians,
measured from zero lift
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The blade-element angle of attack is the sum of the
pitch angle 6 (also measured from zero lift) and the
angle ¢ of the resultant velocity to the rotor disk. (See
fig. 3.) Assuming that 6 varies linearly with the radius

r
0=0,+ Eﬂl (8-6)
r
Then a,=bytpoito (8-7)
Rotor axis
v |
b ; — Plane of disk
U —.
s 120672 —
Ur I Normal
Rofor axis
or—-x ___Plane of disk
s ‘\U =
Reversed (" UPEb-
l g Ur

FIGURE 3.—Angle of attack disgram of blade element of antogiro rotor.

The preceding expression for «, is true only when the
direction of the resultant velocity is such that the
flow is from the leading to the trailing edge of the
element. When this direction of flow is reversed, con-
sideration of the definition of ¢ becomes necessary in
order to express the angle of attack.
It is seen from equations (8—3) and (8—4) that
o=z (3-8)
T
‘When Uy changes sign and Up does not, ¢ also changes
sign; furthermore, ¢ is the acute angle between the
velocity U and the rotor disk. A positive angle of
attack is defined as one that results in a positive
thrust; & negative ¢ in the reversed-velocity region
then contributes a positive component to the angle of
attack, and a positive pitch angle confributes a nega-
tive component to the angle of attack. The angle of
attack «,’ in the reversed-velocity region can then be
written from figure 3,
o = — G~ o (8-9)
The thrust will be evaluated on the basis of the assump-
tion, previously stated, that 8 and ¢ are small. Then
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if b is the number of blades and ¢ the blade chord,
assumed constant, the thrust 7" becomes

2x
o [y [ JeetrCur

The evaluation of the integral for the thrust is possi-
ble only when the expression is split up and the influ-
ence of the reversed velocity taken into account. It
will be assumed for simplicity that the lift-curve slope
at 180° angle of attack is equal to that at 0°; then

T BR

R [a [
21— r

pr sin ¢ 2pCG/U2(00+ R01+(p dr

b 2x —Rslngfl
+§rf, dwfo" -épcaU?( bo— F0— )dr

(8-11)

The integration of (8-11) is performed after rearrang-
ing and substituting for U? and oU? the identities
obtained from (8-3) and (8—4)—that is, U? = U,* and
oU?*=U; Up. Then

Teo f dy f Bképca{ <o°+ 1%0*> Ugi+ UTUp]dr

- ay [T Loca] (0 o) Ut UL dr

=—bcpa mRa[ x(B’+ 2 >+00<3B3+ 2#23—— )

T= (8-10)

pcaU2<00 +1§01+¢ dr

+6, (ZB’i + Zﬂsz - gé #4> + ZﬂebgB + 'g‘ #3(11 } (8"'12)

where terms of higher order in p than the fourth are
neglected. The ratio between the total blade area and
the swept-disk area of the rotor is termed the solidity,
and for rectangular blades is

be

Tg=—7

7R (8-13)
from equations (3-1), (8-12), and (8-13), the thrust
coefficient of the rotor is

Or=lcra[—1-)\<32+lu’>
+60<3B3+ 2B — 9—#)
+0,<4B*+ VB o

+Z}L2bgB + "8'#3(1'1] (8—'14)

9, Thrust moment.—The moment of the thrust
My about the flapping hinge is, neglecting the radial
distance from the axis of rotation to the axis of the
hinge,

BR
My— ﬁ £ pcUCirdr (9-1)
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Substituting as in (8-10), and taking into account the
influence of the reversed velocities,

BRl
IT=f 5pca[<00+
o —uR siny | 5 2x
-9 ﬁ 2pca[(00+R01>UT+UTUP}rdp:|f 0-2)

I
Where :I indicates that the second expression enters

‘RZ" 01> UT2+ UTUPJTdT

into the thrust moment only in the interval between
Yy=m and ¢¥=2n7.

In order to obtain a single expression for the thrust
moment at any value of ¢, the problem of combining a
genersl expression extending from 0 to 27 with another
extending from 7 to 27 was analyzed. A Fourier
series of the type

Y=ay+a, cos y+0b sin y+a, cos 2y
+b, sin 2y (9-3)
extending from 0 to 2, has added to it the series

AY = Aay+ Aa; cos ¢+ Ab; sin ¢+ Aa, cos 2¢
+ Ab, sin 2y (9—4)
which extends from = to 2x. By harmonic analysis
the resultant series, continuous at 7 and 2,

Yrp=A+ .4, cos y+B; sin v+ .4, cos 2¢

+B; sin 2¢ (9-5)

was obtained, and the following relations established:

Agy= — Aa,
a;=0
Ay= g+ 0.500A0,— 0.318Ab;
Ay=a,—0.424Ab,
B;=0,—0.849Aa¢+ 0.500Ab,
Az=a,—0.500A0,—0.212Ab,
By=b3+0.5004b,

(9-6)

The relations expressed in the first two equations follow
from the condition of continuity.

Integrating (9-2), combining the two integrals into
one expression by (9-6), and dropping all terms of order
greater than pf,

Mo

- —XB3+0080p3X
5pcaSPRt

3
+lo(Br+ p2Br— % 4)
4 0 1 8/"'

+30(B+ 5B )+ B
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+ {%pBGB” +0.053 %6, +%u91 —jian‘

ub,,B3+ prBZ— —pa)\+%y’an’] sin ¢
+{ —gpaoB"—O.035p‘ao+%blB‘—%pa,B3
+—§'p,2b1B2] cos ¥
+[1 BB — 2Bt Lag g L ]sin2z,!z
ghnb g " gqH e

1 1 1 1
= 0B+t — 0B+ b,

+ %—palBa - 0.053;13)»] cos 2y 8-7

2
From (6-3), substituting for g and %?,‘? from (6-1),

I,Q%(ay+3a; cos 2¢+3b; sin 2¢) =M— My (9-8)

After substituting for My from (9-7), the following set
of equations is obtained by equating coefficients of
identical trigonometric functions:

1
a,=2"°F l%ws + 0.080#3)\+£00<B4 + 2B —%m)
jl

My
L&

1
0= —guaoB*+ ibly—gﬂaszgmble

+%0,<B‘ B">+ L b,B"]

—0. 035,14%

(9-9)

pr,B" + 2/4)\32— /13)\ +—p. 2q,B?
31 1
Tt — z/f"ﬂoB’ + 3—2#490 —gr 0B

_pcaR4

2

1 1

+§b2B" +-3-/.LH,IB3 —0.053 43\

31
1
?Z'palR“
Let

1 1 1 1
by = g#blBa - 511234 - Z#’%Bz + ﬂ#‘ao

7=°p§‘?{ (9-10)

where v is a nondimensional coefficient that represents
the mass constant of the blade and expresses the re-
lationship between the air forces and mass forces

ac'tin.g on the blade. Using (9-10) in (9-9), and sim-
plifying,
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to= [ AB®+ 0,080, A+~ BO(B‘+p’Bz——p.>

M
+16, (B5+-6p2B3>+§p?bngl—Il—é§
—?"—— [x <B2——i- ;ﬁ) +§90B3+ 0.10636,
= 2B2
i

+0,B—x bms}

st

(9-11)

—lvsz‘=%w’{—lﬁo<Bz—%#’>
—~20,8°—0.053u\+3 “‘Ba}
3bz+z'YasB‘=§'w’[—zao(Bz—gm>

+32 5

Inspection of (9-11) shows that g, is of the order of
©% a, and b, are of the order of u, and a; and b; are of
the order of p2. It will be shown in section 10 that in
order to evaluate the torque equation including all
terms whose order is u* or lower, the expressions for
@y, az, and b; must be carried out to the order of /7,
and the expressions for ¢; and &, to the order of . To
this approximation, the expressions for a; and b; in
(9-11) become

1 _l 1 1la;
34— 5 YbeBi =% i [ 6,8 — 01B3+3#B3]

1 1 1 15 (0-12)
3ba+3 10 B = 2’""[ 4aoB’+——‘B3}

The following approximations are sufficiently accurate
for substitution in (9-12):

1 (1 1 1
ao=§y{§ KBa+10£4+301B5]
al=%[)\B"’+§—ooBa+elB‘] (9-13)
4p
hi=zga J
Substitut:ing in (9—12) from (9-13),
2
1 7 - (9-14)
Z"““’B“L%“':'éﬁ"{zTa)‘Bs“L'z‘g's""Bﬁ +55595

Solving (9-14)for a; and b,
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_ e 7 46
a,3—144+72B3{)\B<16+1087’BB +ooB’(3

7’B3>+01B3 (12+180 7238)} (0-15)

— Py ]
by= 144+y’B3{ )‘Bs+369°36+15 6,87

The expressions for a; and b; in (9-15) may be sub-
stituted in (9—11) for a; and b, where they occur in the
expressions for a,, a;, and b;; the flapping is then
completely expressed by coefficients that are given in
terms of p, A, and the physical constants of the blade.

10. Torque.—The aserodynamic torque on an ele-
ment of the blade is made up of the components in the
rotor disk of the lift and drag of the element. As
previously stated, in resolving the lift and drag into
their components the sine of ¢ will be assumed equal
to ¢ and cos ¢ equal to unity. It will also be assumed
that a single average value may be assigned to the
drag coefficient of any element, the suggested value
being one and one-half times the minimum drag coef-
ficient of the airfoil section. Since large angles of
attack and large drag coefficients are attained only in
regions of low velocity, where the contribution to the
net torque is small, the average value chosen is felt to
be conservative.

In a steady state of rotation the torque is zero. Then

Q= o=—f d¢f 200U Cirdr

~2 [Tay f L Usrdr (10-1)

where § is the average drag coefficient.
Taking limits so that the region of reversed velocities

is properly expressed, (10-1) becomes upon substituting
from (8-5), (8-7), and (8-9)

0= [ av [ 3 seal ot oni+ 1)U

+2 (Tav . B Epca(ww%wlw’)U’rdr

b g [
'd¢f 1 pesUrdr

E(a [t

b (P [ —uReind]
+Z'rf, dz,bj; L posTrrdr

5 pca <¢6’o + -;—29001 + ga’) Urdr

2 p05 Urdr

(10-2)



AN AFRODYNAMIC ANALYSIS OF THE AUTOGIRO ROTOR

Rearranging and substituting from (8~-3) and (8—4),
2% BR r
0= f dl,(/f a [UTUp(eo +R 01) + Upg} TdT
0 0
2r —uRsiny r
- 2f dlllﬁ a { UT Up(go +‘R 01> + Up’}rdr
2x R
- f dy f sU s2rdr
0 0
+2 f "y ﬁ TR U prdr

Substitute from (7-1) and (7—4) for Ur and Up;
integrate and simplify; then, neglecting terms of
higher order than uf,

1

2o —
>\(2B2
1p 3 z) 2(1 2 1 4>

+p)\aq(2B g +ay 4;1.32 16

1
- % pagh B3+ af<§B4 + % #’B’)

(10-3)

_1 1 2 341 1. )
22 )+N(FOB bt 0B+ 55 4,

1 1 1 1
+bl’<§B‘+1—6#ZBQ>—(11(1#2%B’1+§#171B3>
+Loamipp(L el 26B3+lua,B3>

e ABH AT

+%b,ﬁB4— f—a<l+y’—%u">='0 (10—4)

It should be noted that the drag term in (10-1) is
integrated to the tip, while the thrust term is inte-
grated only to BR. This method is considered advis-
able, inasmuch as tip losses in reducing thrust cer-
tainly do not decrease the profile drag.

Examination of (10-4) verifies the statement pre-
viously made that, in order to include all terms of
order p* or lower in the torque equation, it is necessary
to evaluate aq, a;, and b; to the order x? and a; and b,
to the order 1®. It has been shown in (9-11) and (9-15)
that the blade-motion coeflicients ay, @, b;, a2, and by
are linear functions of \; the torque equation is then a
quadratic in A and its solution for a series of values of
u is simple. By the use of the torque equation A can
be obtained as a function of yx; the physical interpreta-
tion of the solution is that of finding for a rotor of given
geometric form, the magnitude of the axial flow through
the rotor disk which results in a state of steady
autorotation.

11, Lift-drag ratio.—The simplest and most direct
method of evaluating the drag of the rotor is that of
considering the energy lost in the rotor. There are
two channels through which energy is dissipated: in the
generation of thrust, and in the losses arising from the
blade drag. Placing the total energy loss per second
equal to D,1” where D, is the rotor drag,

DV=vT+if'"d¢f 1 sUsdr
r 27 Jo , 2FfOYr
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b x —uRsinyg
-3 f dy ﬁ 2 pedU Pdr

The drag integral in (11-1) has been set up in accord-
ance with similar previous expressions to allow for the
influence of the reversed velocities, since regardless of
the direction of the velocity there is an energy loss,
and the first integral expresses that loss incorrectly
in the reversed-velocity region. Upon integrating,
(11-1) becomes

D,v=1 bcpszsm( 142 %n‘>+DT (11-2)

(11-1)

From equation (3-5), L,= T cos «; dividing (11-2) by
LYV=T71 cos q,
bchsR‘

?
6(4 P +32”’ TVcos a+VCOSa (11-3)

Substltute for v from (4-6), for V from (3—4), and for
T from (3-1); then

3 1
—_08(14-3#’-!-8;1 EOT

.~ 81Cx RPPEESGY

12. Rotor pitching and rolling moments.—The
development of expressions for the aerodynamic char-
acteristics of the rotor has so far assumed that the
blades flap about & point on the rotor axis. For most
full-scale rotors this assumption is in error, although
the distance from axis to hinge is in general so small
that the offset may be neglected in considering the
motion of the blades. The distance from hinge to
axis has, however, an appreciable influence upon the
position of the resultant rotor force, which will be
evaluated in this section. Let the distance from hinge
to axis be designated ry. The instantaneous thrust
T, on one blade is, from (8-11)

BR 1
Tl = f w<00 R01> UT dT

where the correctlons for reversed flow are omitted,
being considered negligible. The longitudinal center
of pressure of the total thrust is obtained by adding
together the terms— Tz cos ¢ at positions corre-
sponding to the instantaneous positions of the blades;
for four blades, assign ¥ successive values differing

(11-4)

by % ; for three blades, values differing by %11'
Upon integration, (12-1) becomes
T~ § peat B30+ %“2"034’1"13**“71“"’132
+5 )\B’+
+(—%ua032+ : bl[B"+Zp2B:|-—%pagB’> cos ¢
+(uB+ 20,55 0] B34 |+ B

u*b.B



—lpbgBﬂ) sin ¥
(——#’003
+(““"°B+§””IB’*§“‘233> sin 2y
(3w biB+2 ua,B?) cos 3¢

+(§reB+3 b5 sin 39
—i *b,B cos 41,!/+%#2€12B sin 4¢

291B’+ 5 B2 bng> cos 2¢

(12-2)
By the assignment to ¢ in — Tiry cos ¥ of four values
differing by Iz and summing, the pitching moment for
a 4-bladed rotor is expressed as
M, =3 bepa@?Rora| ~ % na B+ b (B+ 247B)
—%—yagB’+(—'--§p. b1B+§pa,_.B’> cos 4¢
+ 0B+ 3B sin 4]
where MM, :, is the rotor pitching moment for four
blades. In a similar operation, by assigning to ¢ three

(12-3)

values differing by% , the pitching moment is
expressed as
1 1 1 3
M, ==—bCpa92R3rg[—ZpaoBz+—b1<B3+—p2B>
—§ 0B+~ 1208 —5i70B +  pau?
+—qu°——u2b,B> cos 3y
+(- 3 raB+ b B -5 0B
§#2%B> cin3y (124)

where M, is the rotor pitching moment for three blades.

The rolling moment is obtained by summing T 75
sin ¢ at correct intervals of ¢. Then for four blades

1 1
Ly = SbepatRor{ 2uto B+ 5ub B+ 2i\B
_%al(Ba - #2B> l’-sz2
1 3 .
+<— S17b.B +-§p.agB’> sin 4y

- (%#20,1}3 + %ysz’> cos 41,!/} (12-5)

whoro I.;, is the rotor rolling moment for four blades.
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And
1 1 1 1
L,a =‘§bcp(LSPR3TH{§p.BOBa + gyﬁlBa + §,u)\B

6a1(B" 4p.’B> Lub,B?
+<——p."'003 B e, B+ 2,
1\
+3 b,B)smw

—(~ 3B+ 5b B~ S~ s ) cos 39 (12-0)

where L, is the rotor rolling moment for three blades.

18. Effect of a varying induced flow.—The auto-
giro rotor generates an induced velocity that probably
differs materially in magnitude, in parts of the rotor
disk, from the constant value assumed for simplicity.
Since the flapping acts in such a manner as to equalize
the thrust on opposite sides of the plane of symmetry,
it appears logical to assume a symmetrical distribution
of the induced velocity along the ¥ axis, and the errors
incident to this assumption should be of small magni-
tude. If the rotor is considered as an airfoil with its
maximum chord equal to the span, it is reasonable to
expect an increase in the magnitude of the induced
velocity in passing from the leading to the trailing
edge of the disk. In the analysis of the effect upon
the rotor of a flow of this type, the simplest case will
be treated—that is, one in which the induced velocity
increases linearly with distance downstream from the
leading edge, and the average induced velocity over
the disk is the same in value as that initially obtained.
The assumption will be made that there is superposed
upon the induced velocity » an additional velocity »;,
expressed as

vI=Kvé cos ¢ (13-1)
where K is the ratio between v, and » when »=2 and
cos y=1.

The factor K probably varies with the tip-speed
ratio, inasmuch as the distribution of the induced
velocity will approach symmetry as the tip-speed
ratio approaches zero, and will approach, from physical
reasoning, & maximum asymmetry as the tip-speed
ratio approaches a maximum. It is impossible in the
scope of this investigation to specify any definite
variation of K with g, although subsequently an
empirical relation may be obtained.

The mean value over the disk of the induced velocity
is unchanged, since at equal values of 7 and values of
¥ differing by =, », will be equal and opposite in sign.
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From (4-6), (13-1) may be rewritten

—O’TQR ,
K(# R OTY cos ¥ (18-2)
and
V sin a—2" = \QR— N\ Qr cos ¢ (13-3)
where
_KOT
~ G (13-4)

v' =resultant induced velocity =v+1,
Equation (7—4) is unchanged except in the cos y term,

which becomes

(— pQRay+ Qrd; +%pﬂR(1¢— )\197'> cos ¢

Examination of equation (8-12) establishes that the
net thrust is unaltered by ;, although the variation
of the thrust with ¢ is affected.

The increment in the thrust moment is obtained as

AMp= — ﬁ " sea(@r-+ uR sin ¥)M@r cos yrdr (13-5)
which yields upon integration

AMp= pcaQ’R‘{——x,B‘ cos ¥~ gunB® sin w} (13-6)
The small terms resulting from the second integral in
(9-2) are ignored as being negligible. Referring to

(9-11), it can be shown that the following changes are
necessary in the expressions for b, as, and b,:

2
Aby= —*—‘Bl— (13-7)
B*+ 5;1?
1
- 'g#’)’z)\lB.’
A= T T B (13-8)
_= 4uy\B?
Aby=T47 1 (13-9)

The influence of \; on the torque of the rotor is
expressed in the following terms which are to be added
to equation (10—4):

—>\1234 + 3#7\10033 )\1 bB*— 6;1.)\1(123"

8 1
—'m(lo)\uﬁ 64)\1 ﬂ (13—10)
The application of these results shows that for reason-
able values of K the magnitude of the terms in (13-10)
is such that the torque may be assumed unchanged
by )\1. ’

14, Vertical descent.—The analysis of existing data
and the application of the previous development to the

high-angle-of-attack operation of the autogiro have
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shown that the strip ana.lysis is not valid in that range.
The following treatment is based upon an analysis of
data obtained from tests of propellers of low pitch, ana
given in detail in reference 5. The essential part of
the reference is reproduced in figure 4 of this report,

which shows the two quantities IF and }( as functions of

each other. The symbols F and f represent the thrust
coefficients of a propeller based respectively upon the
velocity at the propeller disk and the velocity of flow
at infinity. That is

T.
= 2xR3p Vi (14-1)
T
f= ST » (14-2)

where V, is the velocity at the propeller disk and for
the autogiro is equal to AQR.

In the application of figure 4 to the autogiro, it can
be stated that the rotor operates always on the branch
of the curve in figure 4 labeled “‘windmill decelerating

40
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FIGURE 4.—Relation between propeller thrust coeflielents based respectively upon
velocity of translation and velocity at propeller disk.

state’”, which is defined as that condition of operation
in which the thrust of a propeller is in the direction
considered as normal, while the propeller is moving in
a direction opposite to the one considered normal and
rotating in a positive sense.

In order to calculate the drag coefficient of a rotor
at 90° angle of attack, the factor A is calculated from
equation (10—4) for p=0; Cr is then found from equa-
tion (8-14). From (14-1),

(14-3)

The value of L corresponding to the calculated value of
i

% is then obtained from figure 4. From (3-3) and

(14-2)
OD /=

T

(14—4)

St =
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where Cp,’ is the drag coefficient of the rotor at 90°

. angle of attack.

The vertical velocity and rotor speed are easily deter-
mined from the drag coefficient of the rotor and the
rotor loading in pounds per square foot of disk area.

16. Application of analysis.—The lift, drag, angle
of attack, blade motion, and rotor center of pressure of
any rotor of given geometric form may be calculated
from the equations developed in the previous analysis
by a relatively simple series of operations. It is
necessary that the following data be known: Pitch
angle # and the characteristic of its variation with the
radius; solidity o; mass constant of the blade v; and
the lift-curve slope and minimum drag coefficient of
the blade airfoil section. The operations, in order, by
which the aerodynamic characteristics of the rotor are
calculated are as follows:

(2) Substitute the physical characteristics of the
rotor in equations (9-11) and (9-15) and obtain the
coefficients aq, @1, b1, a3, and b, as functions of x and
A only.

(b) Substitute the functions from (a) in equation
(10—4) and, choosing a suitable series of values for g,
solve (10—4) for A as a function of g.

(¢) Substitute the rotor constants and A in equation
(8-14) and obtain Cyr as a function of u.

(@) Substitute for A in equation (5-2) and obtain
a as a function of p.

(e) Substitute for A in equations (9—11) and (8-15)
and obtain ay, a;, bi, as, and b; as functions of x.

(f) Assign a value to K and obtain ;.

(¢) Determine influence of (13—10) on A as a func-
tion of p.

(2) Evaluate (18-7), (13-8), and (13-9) and deter-
mine the changes in b;, ag, and b; arising from ;.

{(#) Substitute for Cr in equation (11-4) and obtain
D/L as a function of p.

(7) Determine C; from equation (3-6), and Cp
from equations (11-4) and (3-6).

(&)Determine the rotor pitching and rolling moments
from the appropriate equations in section 12.

() Determine %from equation (14-1) for values of A
and Cr at u equel to zero.

(m) Obtain % from figure 4, and Cp,” from equation

(14-2).

In the numerical application of the analysis, arbi-
trary values must be assigned to several of the para-
meters in the equations. When an allowance is made
for tip losses it appears reasonable to give to B a value
which when multiplied by the radius will result in the
radius less one-half the chord at the tip, although for
blades that differ materially from the rectangular
plan form assumed in the analysis, judgment must be
used in applying such a rule. The slope of the lift
curve should be that corresponding to infinite aspect
ratio, and the value of 5.85 is suggested as a good aver-

T
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age for most airfoils. The average drag coefficient,
as has been previously stated, should be given & valuo
one and one-half times the minimum drag coefficient
of the airfoil section.

It is pertinent to mention at this time that the case
analyzed in this paper is confined to blades of constant
chord and section. The analysis of blades that do not
conform to this limitation presents no difficulty,
however, since an appropriate function of the radius
can be substituted for ¢ and/or & before integrating the
basic expressions with respect to the radius.

EXPERIMENTAL AND CALCULATED ROTOR
CHARACTERISTICS

Scope of study.—The validity of the analysis pre-
sented in the first part of this paper is here examined
by comparing experimental and calculated values of
the different rotor characteristics. Relatively com-
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F1GURE 5.—Plan form, pitch angle, and protuberances of PCA-2 autogiro blade.

plete full-scale data are available on the characteristics
of a Pitcairn PCA—2 autogiro (references 3 and 4).
The physical constants of the PCA-2 rotor were de-
termined and used to calculate the rotor characteristics
by the equations previously developed; the results
were then compared with measured values of the same
quantities.

Physical constants of PCA-2 rotor.—The physical
constants of the PCA~2 rotor are listed below:

Number of blades__._ _____________ 4.
Bladeradius_ - - oo 22.5 ft.
Blade airfoil section___________.__. Gottingen 429,
Blade moment of inertia about
flapping hinge_ ________________ 334 slug ft.2

From 0 to 39.4 percent R:

Blade chord oo 1.25 ft.

Pitch angle_ ..o _________ 0.0384 rad.
From 39.4 to 100 percent R:

Blade chord.._____________.___ 1.833 ft.

Pitch angle. .o ooooo oo —0.0157+-0.0872 Iizmd-

The pitch angle of the blade as measured in flight
is plotted in figure 5 with a drawing of the plan and
elevation of the blade. The dashed lines in figure 5
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gshow the plan form and pitch angle as expressed by the
foregoing constants; the blade was considered in two
steps. 'The measurement of the pitch angle in flight
is mandatory for the reason that the blade lift is offset
from the center of gravity of the blade and causes a
torsional deflection in flight which in this case amounts
to approximately 2.4° (0.0419 radian) at the tip. The
blade moment of inertia was determined by a swinging
test in which particular care was taken to eliminate
the virtual-mass effects of the ambient air; the above-
mentioned value was obtained by two independent
methods which reduced the virtual-mass effects to a
minimum.

Attention is called to the fittings A and B shown in

figure 5, the damper arm for interblade bracing and
the droop-cable fitting. Since protuberances on the

upper surface of an airfoil may cause serious increases
in the drag of the airfoil, the qualitative influence of
these fittings upon the rotor characteristics is subse-
quently examined.

The remaining constants required for the calcula-
tion of the rotor characteristics were chosen in accord-
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F1GURE 0.,~Experimental and calculated 1i{t coefficient and angle of attack of PCA~2
autogiro rotor, with calculated influence of estimated blade parasite drag.

ance with the discussion in section 15 of the analysis;
they are

B . 0. 959.
G 5. 85.
B el 0. 0120
O e 0. 1038.
W o 3, 000 1b.
Pocm e e e 0. 00210 slug/cu.ft.
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The solidity o of the rotor was calculated from equa--
tion (8-13); the blade chord used was that of the outer
straight portion. No serious error would be introduced
in the calculations if the decrease in chord of the inner
portion of the blade were ignored. The density given
corresponds to the average density encountered during
the tests reported in references 3 and 4, so that any
but minor corrections to the experimental curve of
rotor speed as a function of tip speed could be avoided.
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F1GURE 7.—Experimental and calenlated thrust coefficient and rotor speed of POA-2
autogiro rotor, with calenlated influence of estimated blade parasite drag.

Results of analysis.—The blade plan form of the
PCA-2 rotor requires an alteration of the equations
for the rotor characteristics to take account of the
change in chord. This alteration is accomplished by
performing the integration from 0 to R in two steps,
one from 0 to 39.4 percent R, the other from 89.4 to
100 percent R, using the proper value for the chord in
each step. The resultant equations are similar in form
to the ones derived for the case of constant chord, the
difference being only in the numerical factors by which
the several terms are multiplied.

The calculated characteristics of the PCA~2 rotor
are presented in figures 6, 7, and 8, the experimental
values being plotted in the same figures for comparison.

| These figures show the results of calculations that neg-

lected the influence of the parasite drag added by the
protuberances on the blade and assumed an induced
flow constant in magnitude over the rotor disk. Rotor
speed was calculated from the load curve shown in
figure 9, which is reproduced from reference 4. It
should be noted that the curve of experimental angle
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- of attack shown in figure 6 is taken from reference 3,
as direct measurements were made of the angle of
attack in those tests, whereas the measurements made
in reference 4 required that the angle be calculated
from the measured vertical velocities.
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FIGURE 8.—Experimental and calculated blade motion coefficients of PCA~2 auto-
gliro rotor, with calcnlated influenes of eztimated blade parasite drag.

The influence on the rotor characteristics of the
protuberances on the blades was determined qualita-
tively by assuming that the flow was spoiled over that
portion of the blade immediately behind the protuber-
ance, which was assumed to result in a drag coeflicient

S Wing load, pe!‘cem‘ w!e/ql!r L1 =
g'; — =
£ §20 - —
gg =
9 _ L~
J J 2 3 R .5 ¥

M, lip-speed ratio

F1auREk 9.—Load carried by fixed wing of PCA-2 autogiro as a function of tip-speed
ratio.

of unity for the cross-hatched portions of the frontal
area of the blade shown in figure 5. The added drag
was computed both as additional torque, which influ-
enced the parameter A, and as an added source of
energy loss, which changed the expression for the lift-
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drag ratio. The results of these calculations are also
shown in figures 6, 7, and 8 for comparison with both
the experimental data and the original calculations.

The effect on the blade-motion coefficients of a non-
uniform induced velocity of the type previously
enalyzed is shown in figure 10, in which experimental
results and the original calculations are also plotted.
Since this type of flow does not alter the force coeffi-
cients the remainder of the rotor characteristics have
not been shown. These calculations are based arbi-
trarily on a constant value for K of 0.5 (see equation
(13—4)), which may be too large at very low tip-speed
ratios. The resultant motion of & blade, shown as a
graph of 8 against ¢, is plotted in figure 11; experi-
mental and calculated values are presented for a tip-
speed ratio of 0.50.

The calculated rotor characteristics showing the
combined effect of allowing for the additional drag of
the protuberances on the blade, and the nonuniform
induced velocity, are shown in figures 12, 13, and 14,
for comparison with experimental values. The con-
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F1GURE 10.—Experimental and calculated blade motion coefficlonts of POA-2 nuto-
giro rotor, with calculated influence of assumed type of varying induced flow.

stants used in computing the combined influence of
the two quantities are the same as those previously
given.

The computation of the rotor drag coefficient at 90°
angle of attack is shown in the following table for
both the original computation and the computation
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including ~the blade-parasite drag. Experimental
values of the drag coefficient were calculated from the
results in reference 3 by assuming that the fixed wing
supported a portion of the weight corresponding to a
normal-force coefficient of unity.

ROTOR CHARACTERISTICS AT 90° ANGLE OF ATTACK

ocuﬂtions Parasite Included) Exp:.;imm&n tl

B o 0 0 e
A e o . 0218 L0266 |
Cpe e . 00718 . 00767 0. 00666
CDy e L 370 1. 343 1 222

2, rad./seC. .o oooo.__ 15. 44 14. 96 15. 04

Vina [ 1 T 33.3 33.6 35. 4
DISCUSSION

Method of analysis—The most uncertain assump-
tion made in the analysis is that the induced down-
ward velocity generated by the rotor is constant in
value over the rotor disk and equals the induced
velocity of an airfoil of equal span and total load.
The constant-valued part of the assumption is un-
doubtedly untrue, especially at low tip-speed ratios
when the rotor loading is practically zero near the
axis of rotation. At high tip-speed ratios the induced
velocity probably approaches the constant value, in-
sofar as variations along the span are concerned, but
here also it is to be expected that variations in magni-
tude will occur over the disk, since the induced ve-
locity probably changes along the chord. It has been
partly demonstrated, however, that variations in the
distribution of the induced velocity have a negligible
influence on the net rotor forces, although they have
o pronounced influence on the blade motion. The
importance of these variations of the induced velocity
may then be considered small. The assumption that
the rotor is equivalent to an airfoil determines the
virtual mass of air influenced by the rotor forces.
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F1aURE 11.—Experimental and calculated blade motion of the PCA-2 autogiro
rotor. p=0.50.
This assumption is probably least in error at high tip-
speed ratios where the rotor loading projected on the
span axis approaches that obtained with an airfoil,
The failure of the strip analysis at high angles of at-
tack, that is, at low tip-speed ratios, can probably
be traced to this assumption, which undoubtedly in-
591—35——17

247

troduces an appreciable error as the operation of the
rotor becomes closely similar to that of a windmill
operating under conditions of axial flow. .
Quantitative errors introduced by assuming that the
angles ¢ and 8 are equal to their sines and that the
cosines are equal to unity are believed to be negligible.
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F1aURE 12. Experimental and calculated 1ift coefliclent and angle of attack of PCA-2
antogiro rotor, including the calculated Inflaence of both blade parasite drag and
varying induced flow.

The angle ¢ becomes large only in regions of low re-

sultant velocity where the air forces practically vanish

in comparison with the forces developed in the high-
velocity regions. The angle 8 does not exceed 15° and
the error between the angle and its sine at that value is

1 percent; between the cosine and unity, 3 percent.

The neglect of the radial velocity in computing
profile-drag power losses introduces an error of uncer-
tain magnitude in the drag coefficients. This error is
combined with the errors introduced by the use of an
average drag coefficient for the blade elements and the
approximate consideration of the blade parasite drag.
Because of the impossibility of measuring rotor drag in
flight, no analysis even of the combined errors can now
be made.

Results.—Figures 6, 7, and 8, showing the compari-
son between experimental results and original calcula-
tions and the calculations which include the approxi-
mate influence of the blade parasite drag, demonstrate
the varying agreement between the different charac-
teristics. In figure 6 it is seen that the calculated rotor
lift coefficient is in both cases in excellent agreement
with experimental results. Calculated angle of attack,
however, is appreciably in error and especially at high
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tip-speed ratios, although the error in the original cal-
culations is reduced by considering the blade parasite
drag. In figure 7 the errors in the calculated thrust
coefficient and rotor speed at high tip-speed ratios are
clearly demonstrated, the errors becoming important
above a tip-speed ratio of about 0.40. As in the pre-
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FI1GURE 13.—Experimental and calculated thrust coefficient and rotor speed of
PQA-2 autogiro rotor, including the caleulated influence of both blade parasite
drag and varying induced flow.

vious figure, the consideration of the blade parasite
drag resulted in closer agreement between calculation
and experiment. Figure 8 shows that the blade motion
is, of all the characteristics, the least susceptible to
calculation. The coefficient g, is in error at low tip-
speed ratios, although the error decreases as the tip-
speed ratio increases. The coefficient a; diverges more
and more from experimental values as the tip-speed
ratio approaches & maximum. The coefficient b;, on
the other hand, shows the greatest errors at low tip-
speed ratios. The absolute magnitude of the errors in
a; and b; is small, but the percentage is large. Figure
10 demonstrates that the calculated value of b, depends
critically upon the variation of the induced velocity
along the chord of the rotor disk. The influence of this
variation on a; and b, is relatively unimportant.
Summing up the final results as shown in figures 12,
13, and 14, it can be stated that the calculated lift
coefficient is in satisfactory agreement with the expe-
rimental over the entire range; the angle of attack is
appreciably in error at large tip-speed ratios; the
thrust coefficient and rotor speed show large errors, but
only at high tip-speed ratios; and the blade motion
shows an almost general unsatisfactory agreement.

REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

The discrepancy in @, shown in figure 14 is probably
due to the fact that the induced velocity in reality
increases near the tip of the blade, whereas it is
assumed constant. This disagreement means either
that the calculated center of thrust occurs at too large
a radius, or that an insufficient allowance has been
made for the tip losses. The discrepancy in a; at high
tip-speed ratios can probably be traced to the same
error in basic assumption. The errors in by, a3, and b,
could probably be materially decreased by a proper
choice of the constant determining the parameter A\
in equation (13—4). There is a possibility also that
equation (18—2) should include 2 sine term at high
tip-speed ratios where the difference in operation of
the two halves of the rotor disk on opposite sides of
the plane of symmetry is most pronounced. This
additional term involving sin ¢ would influence the
thrust coefficient Cr and the blade-motion coefficient
a; and would probably reduce the discrepancy obtained
in both of them.
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F16UBE 14.—Experimental and calculated blade motion coefficients of POA~-2 auto-
giro rotor, including the calculated influence of both blade parasite drag and vary-
ing Induced flow.

The calculated drag coefficient at high incidence is
1.343, which is reasonably close to the value of 1.222
obtained from reference 3 by assuming that at 90°
angle of attack the rotor carries the entire weight less
8 wing load corresponding to a drag coefficient of unity.
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The vertical velocity calculated from this drag coeffi-
oient is 33.6 feet per second, which compares favor-
ably with the experimental value of 85.4 feet per
second. The calculated rotor speed is 14.96 radians
per second compsared to the experimental value of
15.04 radians per second.

The results of the analysis demonstrate the prac-
ticability and, in most respects, tha usable accuracy
of the strip analysis outlined in section 1. It is unfor-
tunate that the experimental rotor drag cannot, at the
present time, be presented for comparison with the
calculated drag since, for the prediction of perform-
ance, this quantity is the most important rotor
characteristic. It is, however, planned to test a
PCA-2 rotor in the N.A.C.A. full-scale wind tunnel
in the near future in order to obtain information for a
detailed and thorough analysis of the rotor drag.

CONCLUSIONS

1. The aerodynamic analysis of the autogiro as
developed by Glauert and Lock is quantitatively
usable except for the blade motion.

2. The blade motion is critically dependent upon
the distribution of induced velocities over the rotor
disk and cannot be calculated rigorously without the
accurate determination of the induced flow.
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3. The analysis indicates that the type of induced
flow assumed has only a secondary effect on the net
rotor forces.

4. The parasite drag of the rotor blades is an
important factor in the calculation of rotor charac-
teristics.

LangLey MEMORIAL ABRONAUTICAL LIABORATORY,
NarioNar Apvisory COMMITTEE FOR AERONAUTICS,
Lanerey Fiewp, Va., January 17, 1934.
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